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Abstract. Relativistic dynamics of distributed mass and charge densities of the
extended classical particle is discussed for arbitrary gravitational and electromag-
netic fields. Vector geodesic relations for material space densities are consequences
of tensor gravitational equations for continuous sources and their fields. Classical
four-flows of elementary material space depend on local four-potentials for charged
densities, like in quantum theory. Six electromagnetic intensities can describe sat-
isfactorily only the simplest, potential kind of continuous matter motion.
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Nowadays only the quantum electron, but not the classical one, may be consid-
ered as a distributed self-coherent carrier of elementary material densities. At the
same time, quantum mechanics tends to match the ‘observed in practice’ empti-
ness of cosmic space by assigning probability states to the elementary mass and
its electric charge. Being independent from probabilities, the classical theory of
continuous fields needs the nonempty space paradigm in order to describe satisfac-
torily distributed elementary mass of an extended particle. This paradigm reveals
the physical meaning of the scalar Ricci curvature in terms of mass densities of a
distributed carrier of continuous mechanical inertia and gravitational field [1, 2].
Continuous densities of electron’s mass and charge can indeed comply with equa-
tions of the classical field theory. This fact assumes new questions and avenues for
a conceptional convergence between classical and quantum descriptions of parti-
cle’s energy flows. Should, for example, four electromagnetic potentials or six field
intensities lay in the foundation of such a convergence?
Nonempty (material) space facilitates joint geometrization of continuous iner-
tial and gravitational masses. Such geometrization of matter in statics, for ex-
ample, results in the field equality (2Roo − R)c3/8piG ≡ 0 for passive (particle)
plus active (field) mass-energy densities associated with Ricci curvatures in this
energy balance. In fact, one can relate the Ricci scalar density R ≡ gµνRµν =
8piG(mp+ma)n/c
2 to equal particle and its gravitational field mass densities, mpn
1
and man, respectively (with mp = ma due to the Einstein Principle of Equiva-
lence). The Ricci-type energy four-flow (c4Ruo/8piG)cu
µ corresponds in such a
nonempty space approach to motion of the whole (‘gesampt’, passive+active) en-
ergy density c4Ruo/8piG of material carriers, while the Ricci-type mass current
density is described by the four-vector (c2R/8piG)cuµ = n(mp +ma)cu
µ.
Scalar inertial (passive, mp) and gravitational (active, ma) masses or, to be
precise, their paired densities within material space of each extended carrier of
continuous mass-energies are the only General Relativity (GR) invariants which
may mathematically match invariant properties of the scalar Ricci curvature. It
is essential for the classical field theory of extended continuous particles and their
common material space that Ricci-type geometrization of one elementary mass
density can be equally applied to the world spatial overlap of all elementary den-
sities,
∑
k(mkp + mka)nk = c
2Rsum/8piG. These densities form together common
material space with linear superpositions of elementary gravitational potentials
and linear superpositions of inverse squared forces even in strong fields [2].
Coherent application of material space ideas to physical reality requires that all
classical field equations be reinterpreted in analytical terms of particle’s continuous
density n(x, a) rather than in non-analytical terms related to the delta-operator
density δ(x−a). Pretending to be localized at one spatial point “a” under energy-
exchange measurements, electron’s rest mass mo = E/c
2 is, in fact, a very sharp
radial distribution, mon(r−a) = moro/4pi(r−a)2(|r−a|+ ro)2 6= moδ(r−a). The
electron’s radial scale ro = Gmo/c
2 = 7 × 10−58m is unreachable for laboratory
measurements and, therefore, the Dirac delta-density turns out to be a very good
(despite conceptually incorrect) modeling of continuous elementary matter. Spa-
tial overlap of self-coherent continuous electrons can exhibit ideal summary motion
which is not a superfluid kind of motion with collective coherent properties and
joint quantization of material flows. However, each continuously distributed classi-
cal electron keeps its coherent spatial structure in the absence of drag interactions
or energy exchanges. In other words, each continuous electron obeys superfluid
motion laws and quantization rules when independent from drag material flows of
other continuous particles in common nonempty space [3].
The goal of this paper is to find GR geodesic equations for material space
densities in local electromagnetic potentials Aµ. The latter are not involved into
GR geometrization of matter and, therefore, should disturb the geodesic motion of
probe (passive, inertial) mass densities. We use for a nonempty space action a suit-
able modification of the well-known classical action, − ∫ dxµ[mcuν + (e/c)Aν ]gµν ,
of the point electron in empty space by employing spatial densities everywhere in a
flat 3-section (
√
γd3x = d3x) of a curved, gravity-dependent space-time 4-volume
2
√−gd4x = √γd3x√goodx0 or a space-interval 4-volume dx3ds,
S = −
∫
dxµ
∫ ∫ ∫
d3xΠµ ≡ −
∫ ∫ ∫ ∫
d3xdsΠµu
µ. (1)
Hereinafter the canonical 4-momentum density Πµ ≡ gµνiν+ enec−1gµνAν depends
on the mass current density iµ ≡ mnmcuµ ≡ mnmcgµνdxν/ds ≡ gµνiν loaded by the
local electromagnetic contribution due to the charge density ene in the potential
Aν , with nm = ne for one elementary carrier. Particle’s mass densities behave like
continuous material space or an infinite material medium with a finite elementary
integral of the distributed mass-energy. Therefore, inhomogeneous pressure or
internal stresses may, in general, accompany the Lagrange density −cΠµdxµds/dxo
in the material space action (1).
At first we consider in (1) electrically neutral (or unloaded) metric flows of
energy when e = 0 and Πµu
µ ≡ mnmc = Rc3/16piG. This is pure mechanical
case where the metric tensor gµν and Ricci curvatures Rµν can describe moving
densities of material space in gravitational fields. The Hilbert-type variations δgµν
of the action (1) with the Lagrangian −c4gµνRµν
√
gµνdxµdxν/16piGdx
0 result in a
ten-component analog of the Einstein Equation,
c4
8piG
(Rµν − 1
2
Ruµuν) = Pµν . (2)
Here we balanced the energy-momentum tensor density at the left hand side of (2)
by so-far unspecified stress tensor Pµν . The latter may depend, in principle, on
particular parameters of an elementary medium under consideration.
An ideal relativistic flow is accompanied by the conventional stress-tensor
Pµν ⇒ puµuν − pgµν , where the scalar pressure “p” for superfluid options of ideal
flows can be introduced through the chemical potential [4]. GR tensor gravitational
equations should contain the vector geodesic equation of motion according to the
1938 position of Einstein, Infeld and Hoffmann [5]. Indeed, by rising one index
(ν, for example) in the tensor equation (2) and by applying to the obtained result
the covariant nabla-operator ∇ν together with the contracted Bianchi equalities
∇νRνµ ≡ ∇µR/2, one can derive the geodesic equation of motion for the inertial
mass density Rc2/16piG = mnm of nonempty space in terms of an energy function
w ≡ mnmc2 + p of a unit material volume,
(c4/16piG)(∇νRuµuν −∇µR) +∇νP νµ (3)
⇒∇ν(wuµuν)−∇µw = 0.
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Four equations (3) were already discussed for isentropic relativistic fluids by
many authors, for example [6]. We examine these equations regarding some met-
ric conclusions for 3D sections of curved 4D manifolds. A normal to uµ pro-
jection of four-vectors in (3), ∇ν(wuµuν) − uµuλ∇ν(wuλuν) = ∇µw − uµuν∇νw,
reveals, due to uλuλ ≡ 1 and uλ∇νuλ ≡ 0, that ∇µw = uµuν∇νw+ [w∇ν(uνuµ)−
wuµu
λ∇ν(uλuν)] ≡ uν∇ν(wuµ). The latter equation is equivalent to (3) as derived
through identical transformations. Therefore, uν∇ν(wuµ) = ∇ν(wuµuν) for the
geodesic motion in (3). In other words, we have to infer from the vector balance
(3) and its normal axis projection that ∇νuν ≡ [∂ν√γ√goo(dxν/ds)]/√γ√goo = 0.
Indeed, the local velocity divergence of moving material space is the relativistic in-
variant, which can be computed in any frame of references. The rest frame (where
dx0 6= 0, dxi = 0, ds = √goodx0 and ∇νuν = (∂o√γ)/√γ√goo) maintains that
∇νuν ≡ 0 for strict spatial flatness [1, 2] (√γ ≡ 1) in relativistic physics under the
nonempty space paradigm.
Potential flow solutions[6] wuµ = −∂µφ of (3) can be applied to vortex quan-
tization in superfluid helium. This medium is self-coherent due spatial flatness
resulting in single-valued Feynman path integrals [3]. Potential solutions can
be promptly found from (3) under its equivalent presentation, uν∇ν(wuµ) =
uν∇µ(wuν), based on uν∇µuν = 0 and ∇νuν = 0. From here or (3) the GR
geodesic condition for the medium four-velocity Duµ/Ds ≡ uν∇νuµ = 0 means
that (uνuµ − δνµ)∇νw = 0 or ∇νw = 0.
Below we derive the aforesaid equivalent presentation of (3) by varying the
nonempty space action (1) with respect to local displacements δxµ of material
densities,
δS = −
∫ ∫ ∫ ∫
d3x{Πµdδxµ + dxµδxν∂νΠµ} (4)
=
∫ ∫ ∫ ∫
d3xdsδxµ{∂νΠµ − ∂µΠν}(dxν/ds).
By taking into account that ∂νΠµ − ∂µΠν = ∇νΠµ −∇µΠν and that ∇νP νµ =
uν∇ν(puµ)−∇µp for moving material space, the geodesic equation for electrically
charged continuum of electron’s mass-energy yields
uν∇ν(wuµ + eneAµ) = uν∇µ(wuν + eneAν). (5)
This electromagnetic equation matches (3) under ene = 0 in elementary material
space. The 4-vector equation (5) for electrically charged mass continuum in elec-
tromagnetic fields may have a general solutions with the following partial solution
for potential states, when
Wµ ≡ (wuµ + eneAµ)/c = −∂µΦ. (6)
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Now one may use in (6) a physical gauge Aµu
µ = 0, with w = −uµ∂µΦ ≡ −DΦ/Ds.
Such a gauge maintains for potential flows the geodesic conservation of the canon-
ical energy-stress four-momentum Wµ, because DWµ/Ds = −D(∇µΦ)/Ds =
∇µw = 0. The potential flow of charged material densities corresponds to the
London 3-current balance in regular superconductors. Recall, that F. London was
first, who conferred in 1935 that the physical relation v ∝ A in static magnetic
fields is not only compatible with superconducting motion, but characterizes su-
perconducting responses on applied magnetic fields [4].
Four relativistic relations (5) can be spitted into space, µ = i (1, 2, 3), and time,
µ = 0, parts,


uo(∂oWi − ∂iWo) = uj(∂iWj − ∂jWi)
ui(∂oWi − ∂iWo) = 0,
(7)
in order to verify that the last relation is a direct consequence of the first three
ones. By applying the standard curl-operation to the force-vs-acceleration balance
in (7), one can find for ideal flows of material space another dynamical equation,
∂ocurl(u
oW) + (∂Wo)× (∂uo) = curl
[
v× curlW
c
√
1− v2c−2
]
, (8)
based on the vector algebra equality curl grad ≡ 0 for the curl 3-vector {curlW}i ≡
eikl(∂kWl − ∂lWk)/2 in flat 3-section of curved space-time.
The relativistic equation (8) can be simplified in the absence of gravitational
fields for the slow motion (uo − 1 ≈ v2c−2 ≪ 1) of charged superfluid densities,
which are controlled by the nonrelativistic chemical potential µ (instead of regular
pressure [4], p⇒ mnmµ) and applied magnetic potentials A ≡ {A1, A2, A3},
∂
∂t
{
curl
[
nmm(1 + µc
−2)v + enec
−1A
]}
(9)
= curl
{
v × curl
[
nmm(1 + µc
−2)v + enec
−1A
]}
.
The nonrelativistic equation (9) is well-tested [4] by laboratory superconduc-
tors (µ/c2 ≪ 1) with homogeneous summary densities of overlapping superfluid
carriers, ∂nm = ∂ne = 0. Therefore, the general geodesic equations (3) and (5)
are suitable not only for ideal mass-energy flows, but also for superfluid ones, say
for self-coherent (between drag collisions) flow densities of one continuous electron
within the infinite material space.
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An equivalent reading of the geodesic equation (5) for charged material space,
uν∇ν(wuµ)−∇µw = uνQµν , (10)
can be proposed through the electromagnetic tensorQµν ≡ [∇µ(eneAν)−∇ν(eneAµ)]
for local interactions of electron’s charge density ene with the potential Aµ ≡
gµνA
ν . Such a hydrodynamic-type equation for charged relativistic flows of mass-
energy can be formally compared (under ∇µw = 0) with the relativistic Minkowski
equation for the point electron
mc2uν∇νuµ = euνFµν , (11)
where Fµν ≡ ∇µAν−∇νAµ. Notice that the point charge interacts in (11) with the
field intensity Fµν , while inhomogeneous densities of the extended classical charge
in (10) interact with the potential Aµ. The latter becomes, like in quantum the-
ory, a more fundamental notion in nonempty space electrodynamics of continuous
particles than six classical intensities Fµν .
The Lorentz force fLµ = eneu
νFµν/c was employed by the empty space model
for the geodesic motion of charged densities, while our nonempty space approach
reveals, due to (10), two additional electromagnetic force densities for the contin-
uous electron,
fQµ ≡ uνQµνc−1 = fLµ + ec−1uν(Aµ∂νne − Aν∂µne). (12)
The point is that the Lorentz force is sufficient only for the potential motion
without energy exchanges and decays. Than one additional force in (12) vanishes
due to the physical gauge uνAν = 0, while another vanishes due to the geodesic
conservation of electron’s steady structure, ro = const and
Dn(ξ)
Ds
= uν∂ν

 ro
4pi(−ξµξµ)(
√
−ξµξµ + ro)2

 ∝ rouνξν = 0, (13)
where ξµ = xµ − uµ(uνxν) and ξµ = xµ − uµ(uνxν).
Nonempty space forces with electromagnetic potentials, uνe(Aµ∂νne−Aν∂µne)/c,
which modify the widely accepted Lorentz force fLµ , may be essential for radiating
electrons. In this way, electron’s energy exchanges promise experimental opportu-
nities to distinguish empty and nonempty space paradigms for physical reality. Po-
tential dependent radiation forces can be used to understand, for example, anomaly
side flows within accelerated plasma in jet turbines and Tokamak cameras.
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The celebrated Aharonov - Bohm phenomenon [7] has already proved in prac-
tice priority of electromagnetic potentials over field intensities. And this exper-
imental fact can be assigned not only to quantum mechanics, but also to the
classical field approach to the continuous electron in terms of an inhomogeneous
material medium. Last century the extended classical electron has been discussed
by Mie [8], Hilbert [9], Einstein [10], Schwinger [11] and many other theorists. The
spatially distributed classical electron brings the new meaning of extended mate-
rial sources and suggests nonlocal properties of charges in the classical field theory.
Nonempty space physics should ultimately lead to the convergence of quantum and
classical approaches to elementary charged matter, as well as to the world spatial
superposition of elementary material spaces under one universal 3-geometry.
References
[1] I.E. Bulyzhenkov, Int. J. Theor. Phys. 47, 1261, 2008.
[2] I.E. Bulyzhenkov, J. Supercond. Nov. Magn. 22, 723, 2009.
[3] I.E. Bulyzhenkov, J. Supercond. Nov. Magn. 22, 627, 2009.
[4] S.J. Patterman, Superfulid Hydrodynamics (New York, Elsevier, 1974)
[5] A. Einstein, I. Infeld, B. Hoffmann, Ann. Math. 39, 65, 1938.
[6] L.D. Landau, E.M. Lifshitz, Fluid Mechanics (Oxford, Pergamon Press, 1987),
Chap. 15.
[7] D. Bohm, Phys. Rev. 85, 166 (1952); Bohm, D., Hiley, B.J., The Undivided
Universe (Routledge, London, 1993)
[8] G. Mie, G.: Ann. der Physik. 37, 511 (1912); ibid 39, 1 (1912); ibid 40, 1
(1913)
[9] D. Hilbert., Nachrichten K. Gesellschaft Wiss. Gøttingen, Math-Phys. Klasse,
Heft 3, S. 395 (1915)
[10] M.-A. Tonnelat. Les Principles Theorie Electromagnetique et Relativite. Paris:
Masson, 1959.
[11] J. Schwinger, in Quantum, Space and Time - The Quest Continues (Ed. A.O.
Barut, A. Van der Merwe, and J.-P. Vigier, Cambridge University Press, 1984)
p.620.
7
